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Abstract 

We derive a non-local four-fermi term with a linear potential from Yang-Mills theory in a stochas- 
tic background. The stochastic background is a class of classical configuration derived from the 
non-linear gauge. 
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I. INTRODUCTION 



The structure of the vacuum plays a key role in understanding physical phenomena. For 
example, QED and the asymptotic freedom phase of non-Abelian gauge theory are based on 
the trivial vacuum {A^ = 0) and the physical vector fields, the transverse photon/gluon, are 
clearly exposed by using the Coulomb gauge. Confinement, on the other hand, is believed 
to be a non-perturbative vacuum phenomenon that is not yet clearly understood. Presently, 
there are two confinement mechanisms discussed extensively in the literature. These are the 
magnetic monopolesi^^iM and vortices^i^, which are related to the maximal Abelian gauged 
and maximal central gauged, respectively. Although each of the two mechanism has its 
own set of successes and failures, they share an important shortcoming: they are disjointed 
from short- distance physics. As a quark is pulled from inside a hadron, it goes through the 
asymptotic phase (short-distance, where transverse gluons are exchanged) to the confinement 
phase (large-distance, with mass gap and linearly rising interaction) eventually resulting 
in hadronization. Ideally then, the asymptotic phase and the confinement phase should 
continuously interpolate in a way where the effective degrees of freedom in each distance 
regimes are transparent. On the lattice, this problem is dealt with using a decimation 
procedure.— For a number of years now, this author has been claiming that this is achieved 
in the continuum by using the non-linear gauge. 

The non- linear gauge^°, which is given by 

{d ■ DY\d ■ A^) = {D ■ df\d ■ A^) = {8^5"^ - ge^^^A" ■ d){d ■ A^) = 0, (1) 

was proposed by the author eleven years ago because of the observation that field config- 
urations that satisfy d ■ A"- = /"(x) ^ and equation (0) cannot be gauge-transformed to 
the Coulomb gauge. This follows from the fact that the zero mode of {d ■ D)"'^, which is 
d-A"', is also the source in the equation that solves for the gauge parameter. And conversely, 
field configurations on the Coulomb surface cannot be gauge transformed to the non-linear 
regime of equation ((H), i.e., there is no A° such that A'^ = A^ + D^K, 9 ■ A' 7^ 0, and 
[d ■ D(A')(d - A') =0. These mean that the two regimes of equation (0), which are (i) the 
linear regime with d ■ A°- = 0, and (ii) the non-linear regime, which effectively is the Gribov 
horizon of the surface d- A°- = /""{x), do not mix. Thus, the Coulomb gauge is an incomplete 
gauge-fixing for non-Abelian theory, although there are claims to the contrary.— 
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Using the running of the couphng constant, the author argued that the non-hnear 
gauge interpolates between short- distance (perturbative) physics and large-distance (non- 
perturbative) physics. In short- distance regime, where the Coulomb gauge is in effect, the 
transverse gluons are the physical degrees of freedom. However, in the large-distance regime, 
the vector field and the scalar field which satisfy two sets of constraints, are the effec- 
tive degrees of freedom.— The full quantum dynamics of the scalars lead to a Parisi-Sourlas 
mechanisn>iS with an 0(1,3) symmetryi^, which unfortunately has a wrong sign for the 
kinetic term of the scalars. Thus, although we have shown equivalence to a 2D 0(1,3) non- 
linear sigma model, the proof of confinement remains formal because aside from the wrong 
sign of the scalar kinetic term, the mechanism is not identified and quarks and "gluons" are 
not involved. 

To identify the mechanism, the author proposes that we look for (a) classical solution(s) 
of the pure dynamics which is (are) vacuum configuration(s). We then expand on this 
(these) configuration(s) and see the physics of quarks, "gluons" and scalar fluctuations 
around the background. This program was started by the author about five years ago and 
the following results had been derived. First, that all spherically symmetric functions /"(x), 
with X = {x^x^Y^"^, in i?^ are classical solutions with zero field strength. This shows that 
all the f°'{x) are vacuum configurations with zero action, which means the configuration 
space has a very broad minimum. 

Second, since we do not have just one classical configuration but a whole class of solutions, 
the author proposed to treat them as a stochastic background with a white-noise distribution. 
This led to an area law behaviour for the Wilson loop.— Thus, we have identified a possible 
mechanism for confinement. 

Third, when we consider the classical dynamics of the "gluons" in the large distance 
regime, we find the gluons acquiring a mass.-^ This verifies the existence of a mass gap. 
Furthermore, the "gluons" also lose their self- interaction. This result was also arrived at by 
Kondo by a suitable redefinition of fields.-^ 

In a forthcoming papep^^, which will provide the details of the results presented here 
and discuss quantum field theory in a stochastic background, the author will show that the 
scalars 0"(a;), which are fluctuations off the classical stochastic background /'^(x), 

r = r(x) + r(x) (2) 
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are non-propagating, i.e., they do not have a kinetic term. As a matter of fact, we will show 
that {Sym{A = A{f + (t>,t1j)))j is independent of the scalars 0" and only dependent on t^. 
This resolves the problem of scalars with a wrong sign for the kinetic term encountered in 
the derivation of the Parisi-Sourlas mechanism, where the full quantum theory of the scalars 
was shown to be equivalent to a 2D 0(1,3) non-linear a model. 

In this paper, we will present the quantum dynamics of quarks and "gluons" in a stochas- 
tic background, resulting mainly in the derivation of a non-local four-fermi interaction with 
a linear potential. 



II. QUARKS AND "GLUONS" IN THE NON-LINEAR REGIME 

In this section, we will provide the background needed to derive the main result which 
will be discussed in section 3. 

Consider SU (2) theory with action 

S = SyM + Sfermion = J d^X^F^^.P;, + ^l^^D^^j] = j Cd^X (3) 

The gauge-fixing given by equation([Q) leads to the resolution of the potential in the non- 
linear regime as given by 

A^ix) = —^j^is^' + ^^'^r + rf){\d,f + (4) 

The scalars and the "gluon" t° satisfy the following constraints, which guarantee the 
same number of degrees of freedom, 

a-t"-^r = o, (5) 

a ^ rabc , ^abd cd nc ^acd rd nb , na nd^dbc 

- ni + / ■ - r(i + / ■ /m^^/'t^ = 0. (6) 

Substituting equation (jH) in the field strength, we find 

f;. = -gZ;M) + l;m: t) + 9q;m; t), (7) 
z;^ = x^''^d,f%r, (8) 

t) = R'^'idX - d.tl) + Y^'\d,fX - djX), (9) 
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= T'^'^tiK, (10) 

j^abc ^ L_[_(i + 2/-/)e''''" + 25"V-25"7'' 

(1 + /-/)^ 

^afe _ ^e^^'f + rf), (12) 

(1 + /-/) 

y^^-^ = ^[-(/ ■ /)e'^'"= + (1 + / ■ nrS"' - (1 - / ■ 

(1 + / ■ /) 

I g^cad yd y6 2 y'' _j_ ^afed yd yc _j_ j^a^bcd ydj (13) 

yabc ^ __i__[,a6c ^ ^ y-. y-)y6^ac _ _^ y-. y-)^a6yc 

I ^afed yd yc _j_ j^a^bcd jd _j_ ^adc yd yfej (14) 

The pure dynamics given by the action 



= Tr2 / d'xZl^Z^^, (15) 
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hints of non-perturbative physics because (i) of the factor that goes with 5*1, (ii) the 
action is infinitely non-hnear, and (iii) Si ~ {dfY- For these reasons, we look for a classical 
solution to 

Jfa - TyT V - 0- (16) 

From equation (jHJ and pip , we find that all spherically /"(a;), with x = {x^x^Y^"^ are 
classical solutions with zero field strength This follows from 9^/" = and the 

anti-symmetry of X'*^^ with respect to b and c. Thus, we are dealing with a whole class 
of classical solutions with zero field strength. This shows that the action has a very broad 
bottom (note Si is positive semi-definite). 

Since we do not have just one solution but a whole class of solutions, it was proposed in 
reference (7) to treat /"( stochastic background with a white-noise distribution 

P[~f]=Mexp.{-jj^ r{s)r{s)ds). (17) 

We identify d. as the length scale where non-perturbative physics becomes important. From 
the running of the coupling constant, we deduce £ = AqJ^^. Substituting the background 
decomposition given by equation in Sym, we will get a rather involved expression for the 
action of the "gluon" and the scalars 0" in the presence of the background f"". However, 
as we show in reference (18), all the stochastic averages drop out except the following simple 



result 

{Sym) 
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1 /" 1 S r) 

4 J d'x{-{dX - dX,f + ,^{j)Xtl}. (18) 



This result shows that the scalars 0" are non-propagating and the "gluons" acquired a 
mass and lost their self-interactions. 

The stochastic average of the fermionic term, on the other hand, yields 



{Sferrrnon)f = / d'^X^l^.ld, - gT'^i-t^^ + -0,^ - ^9^)^^)]^^)- (19) 



We can remove the scalars from equation ()19|1 by using the stochastic average of the 
constraints given by equations © and (jHI), which are 

d-t^ = , (20) 

x-t" = (21) 

Substituting equation ()20j) in equation ()19p. we find that stochastically averaged effective 
dynamics yield the following for fermi interaction 

/I 1 ^ 9 r? r ^ 

d'xdSii>^^,T^^PU-6,^ + fd,d^~ ^g'ijf^ d .). 
6 6 6 I X 

mitiixr^iymih^p + Vx^, - ^/(^)^^^/3)(v^^7.t»». (22) 

The Greens function Gajsix — y), which is the propagator of the "gluons" as given by 

6--'G^p{x-y) = (0|T|t^(x)t;'(y)|0) 

= S'^'^'d^pGix -y)- -Ls--'d:dp{x - y), (23) 

where m = j and G{x — y) satisfies^S 

{-U" + m^)G{x-y) = 5\x-y). (24) 
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The solution to equation (j24|) for large \x — y\ is^* 

G{x - y) -^—^e-^\^-y\ . (25) 
|x — y| 2 

Substituting equations (j2Sl), in equation (|^. we find that the effective four-fermi 
term from the "gluon" exchange does not confine because the exponential decay behaviour 
dominates. The confining non-local four-fermi term must come from elsewhere, which must 
involve the vacuum configuration at the outset. 



III. DERIVATION OF THE CONFINING FOUR-FERMI INTERACTION 



The path-integral in the non-hnear regime of the non-hnear gauge is given hy^ 



1 

xdet\l + / ■ f)det9exp.{-{SYM + Sj 

ermion 

)} (26) 



where is given by equation (jHl) and is the dimension 4 " Fadeev-Popov" operatoi*^^ given 

by 

= (D ■ dY\d ■ Df'^ - ^t'^^^d^.f ■ Df). (27) 

Since we will do a background decomposition as given by equation (j21) to find the vacuum 
to vacuum functional in the presence of /"(x) and then do a stochastic averaging, we will 
change the delta functional by 

Kd-f'-^n = det{ ^^^)5{ ^^^^{d-t" - ^D) 

^ 9^' {l + f-fV {l + f-fV 9^' 

(5(p") = deti i^^p") (28) 

where the powers j and k can be freely chosen so that stochastic averages related to the 
gauge-fixing and the "Fadeev-Popov" determinant vanish. 
To see how this happens, let us write the path-integral as 

W = j {dtl){dP){di)){di)){du''){du'')exp.{-S'}, (29) 

where 

S' = I d^xC'(x), 



C'{x) — CyM + ^fermion + ^gf + ^FP (30) 

= (-) — ^^(5 ■ - -^rf + ih — ^^pv (31) 

Cfp = J-^ d^W (32) 

[(1 + / • />'=+4] 

The ghosts m", u'^ are introduced to express the determinants. Next, we introduce the 
background decomposition given by equation ^ and equation will yield 

W\~n = f {dtl){d^){di,){dr){du''){du'')exp\-S\t,^^^ (33) 



Next we do the stochastic averaging given by 

mh)r = J (c^t^)(#)(^^V^)(#")(^^«")(^^«'^)(exp.{-5'})^- (34) 
We evaluate the stochastic average by expanding e~^' . The following averages are needed: 

(S") = {SyM + Sfermion + Sgf + Spp) p (35) 

{S'^) = {ST + I d'xd''y{£^{x)C^)j, (36) 

+ J d^xdSd^zd^r{ C'{x)C\y)C\z)C'{r) )f. (38) 

In equation we make use of equations (fTH|) and (fTI?|) . In equations (j36l37p and 

dHHl), the symbols C'{x)C'{y), etc., represent the correlated points, which arise because the 
derivative of the white- noise /°(x) is "smoothed out" via 

dfa _ /"(X + f ) - nx) 

~d^ ~ I ^^^^ 

n 

Note that all odd correlations, such as {C'{x)C'{y)C'{z)) ? vanish because of the white-noise 

' ' 

character of f"'{x). The stochastic averages involve the following integral 

0, for m < n 



lim7r-3/V+3/2 / e-^'dr 



a^O Jq (1 + r2)" 



finite, form = n + 1 (40) 



diverges, form > 0,72 + 2. 

Using equation pn|l and because of the {1 + f ■ f)'^ factors in the denominators of Sgf 
and Spp, we find that when we do a background decomposition given by equation Q, the 
stochastic averages of each of the expansion terms vanish. Thus, we find 

{Sgj)j = {Spp) J = 0, (41) 

giving (S") = {S), which is given by equations (fT5|) and (fT^ . Furthermore, the correlated 
terms in equations and (|HHj) that involve Cgj and Cpp also vanish for the same 

reason. 
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Taking everything so far into account, we find 



s'\ _ ^ /c\ I r/c\2 

1 



d'xdS{C{x)C{y))j]--[{S)' 



+ 3[{J rfWi/)((£(x)£(y^)^-)(S)] 



+ .... (42) 

Summing the series gives 



(e-^'). = e-^^//, (43) 



where 



Seff = (S)-ll d'xd'y{C{x)C^f 

- I d^xd^yd'^zd^r(C(x)C(y)C(z)C(r))f 
4! J ^ ' ^ 

+ .... (44) 

Since equation (j44|) is ghost independent, we simply drop the ghost path-integral and 
lump it with the normalization factors needed to make sense of the path-integral. 

At this point, where is the non-local four-fermi (NLFF) interaction in equation It 
is found in 

2 r 

NLFF = ^J rfWi/(^7M^».(A;:(x)At(i/))/(^7.TV),. (45) 
We will evaluate the stochastic average by making use of 

From equation (j46j) . we must have 

d;dy{A'',ix)K{y))f = -y) + ..., (47) 

where x = {x^x^y/"^ and y = {y^y^Y^"^. Equation (jTfj) implies that 

{Al{x)Al{y)) = {4^^)^y-6^'\x -y\ + ... (48) 
^ g^i-^ X y 
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d.A'l^ix) = —rix) = —J\x) + (46) 




o 




FIG. 1: The four-fermi term with interaction constrained with x,y colhnear hinting of a flux tube 
geometry 

The equivalence follows from the fact that for a spherically symmetric function, = 
and ~ y\ = ~ y)- Substituting equation (jTTj) in NLFF, we find 



NLFF = ^(i) j d^xdSi^v^^^T^ijUx - i/|(V^7.^,T», + ... (49) 

where 

Vf^ = {sin9isin92sin(l), sin9isin92C0S(f), sin9icos92, cos9i), (50) 

i.e., 7]^ represents the unit vectors in 4D spherical coordinates. If the fermion field is spher- 
ically symmetric, the angular integration does not vanish only when r]f^{x) = ±rif^{y), i.e., 
the 4D vectors are collinear. Using 

and J dili = J^^ sin^ 9i sm92d9id92d(f) = 27r^, we find that we can write the equation 
(gni) as 

NLFF = ~j d\dS{i^^,i^US-mi,i^)y (52) 
with X and y collinear This hints of flux tube geometry as shown in figure Q 

This result may be a bit surprising because we started with an expansion about a classical 
background /"(a;), which is spherically symmetric. But considering that the r potential is 
no less or no more spherically symmetric than the ^ term, this result is not unreasonable at 
all. 
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When we determined the correlation {Al^{x)A'l{y)) j: to arrive at the hnear term (note 
there are extra terms), we made use of components of the vector field involving 0",t^ in a 
background f'^{x). All these components are important for the following reasons: (1) As 
was shown in Section II, just considering alone after stochastic averaging, does not lead 
to a confining term. (2) As for the 0" alone, it has no kinetic term and if we integrate it out 
yields a constraint on the fermion fields, which under the assumption of spherical symmetry 
says the fermion field must vanish beyond £ (see reference (18)). (3) Considering A'^^[f) alone 
will not do either because d^A°^{f) = 0, if we neglect 0" and and we needed the f^{x) at 
the right-hand side of equation to derive equation pH|l . Thus, a certain combination of 
0", in /"(x) is key in deriving the confining non-local four-fermi term. Determining which 
components these are is difficult from a direct evaluation because there are many terms that 
contribute to it. The linear term appears but an unusual" renormalizat ion", to get rid of a 
^ term with a — > 0, must be carried out. Thus, the derivation made use of equation ()46|) 
where, the divergence does not show up. 

IV. CONCLUSION 

In this paper, we showed confinement even with dynamical quarks. The confinement 
mechanism is the stochastic treatment of the scalar classical configurations f^ix), which 
arise in the non-linear regime of the non-linear gauge. 
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